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Abstract

In signal processing, energy preservation is crucial when transforming signals between different domains, such as
time, frequency, and time-frequency spaces. This paper explores the concept of energy preservation in discrete time
signal processing, specifically within the framework of sequence spaces like 12, the space of square-summable
sequences. The energy of a signal is directly related to its representation in sequence spaces, and transformations, such
as the Discrete Fourier Transform (DFT), are studied in the context of preserving the energy of signals during domain
shifts. The properties of bounded linear operators, such as unitarity, continuity, and stability, are essential for ensuring
that energy is neither lost nor artificially amplified. The practical implications for signal denoising, compression, and
filtering are examined, showcasing how energy preservation enables reliable signal processing under real-world
conditions.
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Introduction

Signal processing plays a vital role in a wide range of applications, from communications to image processing. In
discrete-time signal processing, signals are modeled as sequences of values, typically residing in sequence spaces such
as [2, which is the space of square-summable sequences. These sequence spaces provide a rigorous mathematical
framework for analyzing signals, allowing the application of tools from functional analysis, such as norms, inner
products, and linear operators.

Energy is a key concept in signal processing, and its preservation during transformations between different domains
(e.g., time, frequency, and time-frequency) is critical for ensuring the integrity of the signal. In particular,
transformations like the Discrete Fourier Transform (DFT) map signals from the time domain to the frequency domain,
and it is essential that such transformations preserve the signal’s energy. This paper delves into the mathematical
foundations of energy preservation in signal transforms and the implications for practical signal processing tasks such
as denoising, compression, and filtering.

Fundamentals of Signal Processing and Sequence Spaces

In discrete-time signal processing, signals are naturally modelled as sequences and are most usefully embedded in the
framework of sequence spaces. A commonly used space is

== (g ) lan <o)
n=0
which is the space of square-summable (finite-energy) sequences. Viewing signals as elements of £2allows us to apply
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the tools of functional analysis — such as norms, inner products, linear operators, convergence, stability — directly
to signal processing.

Signal representation in sequence spaces

When a signal x = (x,,) € £2, one can define its energy by

[oe]

I x 2= Z | x, I2.

n=0

This corresponds to the physical notion of energy in many applications. Importantly, £2is a Hilbert space (complete
inner-product space), so tools such as orthogonal expansions, Parseval’s theorem, projections, and basis
decompositions are valid .

By modelling discrete-time signals in £2, we can treat them as vectors in a vector space (or Hilbert space) and apply
matrix transformations (i.c., bounded linear operators) on them:

y=Ax,
where Ais a matrix operator mapping from one sequence space (e.g., £2) to another (possibly the same). From the
viewpoint of Chapters 2—3, such Amust satisfy boundedness, continuity, and preserve convergence to be stable in
signal-processing settings.

Domains of transformation: Time, Frequency, Time—Frequency
Signal processing involves transformations between different “domains” of signal representation:

e Time domain: the natural representation of x(n)as a sequence in £2.

e Frequency domain: transformation via e.g. the Discrete Fourier Transform (DFT) or DTFT moves the
representation into coefficients X (k)which reflect spectral content.

e Time—frequency or multi-scale domain: transforms such as wavelets allow representation of signals where
both time and frequency localisation matter (important for non-stationary signals).

Matrix transformations facilitate these domain shifts: a transform matrix F, wavelet matrix W, or filter matrix Hacts
on x € £%to produce a sequence (or coefficient vector) in another space. Because the underlying spaces are Banach
(or Hilbert) spaces, verifying that these matrices are bounded linear operators ensures that convergence of sequences,
stability under perturbation (noise), and reconstruction behaviour are well-controlled.

Core signal-processing tasks enabled by matrix transformations

The embedding of signals in sequence spaces and the use of matrix operators enables a number of fundamental
operations in signal processing:
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Frequency Analysis: By applying a transform matrix (e.g., DFT matrix) one maps the time-domain sequence
into a frequency-domain representation. The norm-preservation (unitarity) of the transform ensures that
energy is neither lost nor artificially amplified.

Time—Frequency Localisation: Multi-resolution (wavelet) transforms provide coefficients at varying scales
and time-locations, enabling more refined analysis of transient events or non-stationary behaviour.

Signal Smoothing / Filtering: A filter can be represented as a convolution matrix (Toeplitz structured) acting
on a sequence. The boundedness and stability of this matrix operator guarantee that small noise components
in the input do not blow up in the output.

Compression & Denoising: Transforming the signal into a domain where many coefficients become small
or negligible (e.g., wavelet coefficients) allows one to truncate or threshold and then reconstruct with
minimal loss. In the sequence-space view, this corresponds to projecting onto a subspace or applying a
bounded operator followed by a sparsification and inverse transform.

Theoretical implications in sequence spaces

From the mathematical viewpoint developed earlier:

Because signals live in £2(or other £?, cyetc.), any matrix transformation must preserve boundedness: || A x ||
< C |l x lifor some C. This ensures continuity (hence stable behaviour under perturbations).

Convergence results: If a sequence of signals x(™ — x(in £2), then under a continuous operator A, we have
Ax™ — Ax. In practice this means that if we approximate a signal or modify it slightly (e.g., via noise),
the processed output behaves smoothly .

By modelling signals as vectors in Banach/Hilbert spaces one can apply basis expansions, such as x =
Y (x, er)epwhere {e;}is an orthonormal basis. This is central to transforms like Fourier series or wavelet
decomposition.

Example: Sequences and basis representation

Let {§[n — k]}rezbe the standard discrete unit-impulse basis in £2. Any finite-energy discrete signal x(n)may be

written as

x= Z x[k] 8- —k].

k=—c0

In transform domains, one uses other orthonormal bases (e.g., complex exponentials). The signal-space viewpoint
emphasises that regardless of the particular basis or transform, the framework of vector spaces, norms, continuity,
bounded operators ensures rigorous control of signal transformations.

Importance for Practical Algorithm Design

Why is this sequence-space viewpoint critical for practical signal-processing work?

Noise and perturbation control: Real signals are contaminated by noise, quantisation error, or measurement
error. By ensuring transforms are bounded operators, one controls error amplification.
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e Algorithm stability & convergence: Many signal-processing algorithms are iterative (e.g., filtering,
reconstruction). Embedding them in sequence-space ensures that convergence of iteration and stability of
solution may be studied via operator norms.

e Basis choice and sparsity: Transforming a signal into a domain where it has a sparse representation allows
efficient compression or denoising. The choice of basis (and associated matrix operator) is guided by
functional-analysis: we want a transform where the signal lives “close” to a low-dimensional subspace so
that truncation yields minimal error.

e Consistency of representation: Whether one uses time-domain sequences, frequency-domain coefficients
or multi-scale wavelet coefficients, staying within a rigorous sequence-space framework means one can
reliably invert transformations (assuming bounded invertibility) and ensure that the entire chain time —
transform — modify — inverse time remains well-posed.

The foundational link between the abstract study of matrix transformations in sequence spaces (from Chapters 2—-3)
and the concrete representation of discrete signals as vectors in £2. By doing so, it provides the rigorous mathematical
backbone for the signal-processing applications that follow — enabling us to view transforms, filters, reconstructions
as bounded linear operators on sequence spaces, and to analyse their behaviour in terms of convergence, stability, and
representation.

Discrete Fourier Transform (DFT) as a Matrix Transformation

The discrete Fourier transform (DFT) is a classic example of a matrix transformation acting on a finite-length signal.
Let a signal be represented by the vector [79]

x € CV,

with entries x,, n = 0,1, ..., N — 1. The DFT maps xinto a frequency-domain vector

X e cV,
via the matrix multiplication

X = FN X,
where the DFT matrix Fyis defined by

Fin = of™" oy =e 2N kn=01,..,N—1.
(Here we use zero-based indexing for clarity; equivalent forms use 1-based indexing.)
Key Properties
1. Linearity: The transform is a linear operator (matrix) on CV.

2. Unitarity (with normalization): If one uses the normalized form

U=— Fy,
VN "
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then
U*U = Iy,
making Ua unitary operator.
As a result,
X l=Il x I3,

meaning energy (norm) is preserved.

3.

Invertibility: The inverse transform is given by [80]

1
x=Fy'X =R X,

when using the unnormalized form.

then

Frequency interpretation: The entries Xjprovide the coefficients of the signal in the discrete frequency
domain. Each X, measures the degree to which the input sequence correlates with the complex exponential

of frequency k.

Convolution theorem: A major practical consequence is that convolution in the time domain corresponds to
point-wise multiplication in the frequency domain. That is, if

y=x+%h,

where X, Y, Hare the DFTs of x, y, h.

Implications in the Sequence-Space Framework

From the viewpoint of sequence-spaces (in earlier chapters) this DFT matrix acts as a bounded linear operator:

Suppose we embed CVinto a sequence space conceptually (or consider infinite-length approximations). The
normalized DFT matrix Usatisfies the operator norm || U ||= 1, so it is bounded and continuous.

Since Uis unitary, it preserves convergence: if x™ — xin the input space, then Ux(™ — U xin the
transformed space.

Stability follows: small changes in xproduce equally small changes in X = U x. That is critical for signal-
processing scenarios involving noise or perturbations.

Consequently, the DFT embodies all the desirable operator-theoretic features previously discussed: boundedness,
continuity, norm-preservation, invertibility—all ensuring reliable transformation of sequences (signals).

Applications
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e Frequency filtering: By transforming xto X, one can suppress or enhance particular frequency-bins (e.g.,
zeroing high-frequency X, for low-pass filtering), and then invert to reconstruct a filtered signal .

e Compression via truncation: In many signals much of the information is concentrated in a subset of
frequency-bins. One can keep only the largest coefficients, zero the rest, and invert for a compressed
approximate reconstruction.

e Spectral energy distribution: By examining | X, |2, one obtains the energy distribution of the signal across
frequencies. This is essential in many analysis tasks (speech, music, biomedical signals, etc.).

o Efficient computation: Although the DFT matrix Fyis of full size N X N, fast algorithms (FFT) exploit its
structure to compute X = Fy xin O(Nlog N)time rather than O(N?).

Example
Let N = 8. Suppose

x = (Xo, X1, X3, X3, X4, X5, Xg, X7)
represents one cycle of a discrete signal. The DFT computes [83]

7
X 3= Z X, e 2/ =0, ..,7.
n=0

If we detect from | X}, Ithat the major energy lies in k = land k = 7, this implies the signal is primarily a low-
frequency sinusoid. One may then suppress the sums for other k, set them to zero, invert the transform to obtain a
smoothed version of the signal. Because the operator is norm-preserving, the suppression does not introduce
uncontrolled amplification of error or noise. While the DFT matrix is finite-dimensional, its theoretical foundation
generalizes to the infinite-sequence domain via the Fourier operator on 2. One may consider the limit as N — ooand
regard the DFT matrix as a truncated approximation of a unitary operator on £2. In that setting, the key operator-
theoretic insights (boundedness, continuity, convergence preservation) hold in the sequence-space framework,
allowing one to reason rigorously about signal transformations even in the infinite-length setting.

Conclusion
Energy preservation in signal processing transformations is of paramount importance for ensuring the stability and
reliability of signal processing algorithms. By embedding signals in sequence spaces like 12, one can apply a variety
of mathematical tools to analyze and manipulate signals, ensuring that transformations such as the Discrete Fourier
Transform (DFT) do not distort or amplify energy. This paper demonstrates how bounded linear operators, such as
the DFT, maintain energy through unitarity and norm-preservation, which is crucial for tasks like signal denoising,
compression, and filtering. The theoretical underpinnings of energy preservation in sequence spaces allow for the
development of stable and efficient algorithms. The practical benefits are clear in applications such as audio
processing, image compression, and biomedical signal analysis, where preserving the original signal energy is crucial
for maintaining signal integrity during processing. As signal processing continues to evolve, further research into the
applications of energy-preserving transforms will enhance the performance and stability of these algorithms, making
them more robust against noise and other perturbations in real-world scenarios.
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